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Abstract

This thesis presents the solutions to the fuzzified dotted string matching and fuzzified string
distance problems. These algorithms are modifications of known string matching and string
distance algorithms.

For each of the problems two cases are presented. For the fuzzified dotted string matching
problem the cases are matching a string with a fuzzy pattern and fuzzy matching of a string with
a pattern. For the fuzzified string distance problem the cases are distance between a string and a

fuzzy pattern and distance with fuzzy matching.
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Introduction

The algorithms presented in this thesis use the dynamic programming approach.

The algorithms presented in this thesis can be viewed as approximate string matching algorithms.
Even though well known approximate string matching algorithms are sometimes called fuzzy
string matching algorithms, they work with exact strings and exact matching. The algorithms
presented in this thesis work with fuzzy patterns (patterns consisting of values of linguistic
variables) and fuzzy matching.

Some of the common applications of these kind of algorithms are text searching, text editing,
spell checking, context search, querying specific rows from a database, data compression, spam
filtering and others.

In recent years the importance and usability of algorithms like these grew in biology (matching

of nucleotide sequences).



Chapter 1

Known algorithms

In this chapter we will discuss already well known exact string matching algorithms. Some of the
fuzzy string matching and fuzzy string distance algorithms that will be presented in later chapters

are modifications of these exact algorithms.

1.1 Longest common subsequence [1]

Given two sequences X and Y , we say that a sequence Z is a common subsequence of X and Y
if Z is a subsequence of both X and Y . For example, if X =(A, B, C, B, D, A,B)and Y =(B, D,
C, A, B, A), the sequence (B, C, A) is a common subsequence of both X and Y . The sequence
(B, C, A) is not a longest common subsequence (LCS) of X and Y , however, since it has length
3 and the sequence (B, C, B, A), which is also common to both X and Y , has length 4. The
sequence (B, C, B, A) is an LCS of X and Y , as is the sequence (B, D, A, B), since X and Y
have no common subsequence of length 5 or greater.

In the longest-common-subsequence problem, we are given two sequences X=(X,,X,,...,X, ) and

Y=(¥,,¥2»---»¥,» and wish to find a maximum length common subsequence of X and Y.

Characterizing a longest common subsequence

The LCS problem has an optimal-substructure property, however, as the following theorem
shows. As we shall see, the natural classes of subproblems correspond to pairs of “prefixes” of
the two input sequences. To be precise, given a sequence X=(X,,X,,...,X, ), we define the ith prefix
of X, fori=0,1,...,m, as X.=(X,,X,,...,X,). For example, if X =(A, B, C, B, D, A, B) , then X, =

(A, B, C, B) and X, is the empty sequence.



Theorem (Optimal substructure of an LCS)
Let X=(X,,X,,-..,X,,» and Y=(y,,y,,-..,y,) be sequences, and let Z=(z,,z,....,z,) be any LCS of X and
Y.

1. Ifx, =y,thenz = x =y ,andZ,_,isan LCSof X ,andY .

2. Ifx,#y, thenz # x_ implies that Zisan LCSof X, and Y.

3. Ifx,#vy, thenz #y, implies that Zisan LCS of X and Y ,.

The way that Theorem characterizes longest common subsequences tells us that an LCS of two
sequences contains within it an LCS of prefixes of the two sequences. Thus, the LCS problem

has an optimal-substructure property. A recursive solution also has the overlapping-subproblems

property.

A recursive solution

To find an LCS of X and Y , we may need to find the LCSs of X and Y, ,and of X, and Y . But
each of these subproblems has the subsubproblem of finding an LCS of X, and Y, ,. Many

other subproblems share subsubproblems.

As in the matrix-chain multiplication problem, our recursive solution to the LCS problem
involves establishing a recurrence for the value of an optimal solution. Let us define c[i,j], j to be
the length of an LCS of the sequences X; and Y| . If either i = 0 or j = 0, one of the sequences has
length 0, and so the LCS has length 0. The optimal substructure of the LCS problem gives the

recursive formula

0 if i=0 or j=0
clijl= cli-1,j-1]+1 if i,j>0 and x; =y, (1)
max(clij-1].cli-1j]) ifij>0 andx,#y,



Computing the length of an LCS

Based on equation (1), we could easily write an exponential-time recursive algorithm to compute
the length of an LCS of two sequences. Since the LCS problem has only ®@(mn) distinct

subproblems, however, we can use dynamic programming to compute the solutions bottom up.

Procedure LCS-LENGTH takes two sequences X=(X,X,,....X,) and Y=(y,,y,,...,y,» as inputs. It
stores the c[1,j] values in a table c[0..m,0..n], and it computes the entries in row-major order.
(That is, the procedure fills in the first row of ¢ from left to right, then the second row, and so
on.) The procedure also maintains the table b[1..m,1..n] to help us construct an optimal solution.
Intuitively, b[i,j] points to the table entry corresponding to the optimal subproblem solution
chosen when computing c[i,j] . The procedure returns the b and c tables; c[m,n] contains the

length of an LCS of X and Y .

LCS-LENGTH(X, Y)
I m=X.length

2 n=Y.length

3 letb[l..m,1..n] and c[0..m,0..n] be new tables
4 fori=1tom

5 c[i,0]=0

6 forj=0ton
7

8

9

c[0,j]=0
fori=1tom
forj=1ton
10 ifx;, ==y,
11 cli,j] =c[i-1,j-1]+ 1
12 Blij] =2
13 elseif c[i-1,j] > c[i,j-1]
14 c[i,j] = c[i-1,j]



15 b[i,j]=“1%"
16 else c[1,j] = c[i,j-1]
17 b[i,j] = “4=”

18 returnc and b

Constructing an LCS

The b table returned by LCS-LENGTH enables us to quickly construct an LCS of X=(x,,X,,...,X, )

and Y=(y,¥,,-..,y,)- We simply begin at b{m,n] and trace through the table by following the

¢ 9

arrows. Whenever we encounter a “-” in entry b[i,j], it implies that x; =y, is an element of the
LCS that LCS-LENGTH found. With this method, we encounter the elements of this LCS in
reverse order. The following recursive procedure prints out an LCS of X and Y in the proper,

forward order. The initial call is PRINT-LCS(b, X, X.length, Y.length).

PRINT-LCS(b,X.1,j)

1 ifi==0o0rj==

2 return

3 ifb[i,j] ="

4 PRINT-LCS(b,X,i-1,j-1)
5 print X,

6 elseif b[ij]=“1"

7 PRINT-LCS(b,X,i-1,j)

8 else PRINT-LCS(b,X,i,j-1)

10



1.2 String Distance Algorithms [2]

The algorithm discussed below will apply uniformly to each of three kinds of distances:
Levenshtein (d, ), edit (d;) and weighted (d,) distances, we will denote distance simply by d.
Then we can express the properties of d in terms of edit operations performed on single
(nonemply) letters A and u:

e (insert: replace € by 1) d(e,A) > 0;

e (delete: replace A by ¢€) d(4,e) >0;

e (substitute: replace A by w) d(A,u) > 0 iff A # u;

Ford=d, ord, d(4,e) =d(e,A) = 1 for all A; while ford=d,, d(4,e) =2 and for d = d,,
d(Au)=1.

Observe that each single-letter distance may also be thought of as the cost of performing
the corresponding edit operation: more generally, we think of the distance between two strings as
the minimum cost of transforming one string into the other.

The algorithm presented here is a dynamic-programming algorithm, that is, it compares
the input strings x, = x,[1..n,] and x, = x,[1..n,] from left to right, computing for each pair of
positions 1 and j the minimum cost of transforming x,[1..1] to x, = x,[1..j] based on the
already-computed minimum costs

o d(x,[1..], x,[1..j-1])
o d(x[l..1-1], x,[1..3])
o d(x,[l..i-1],x,[1.j-1])
This basic recurrence is explained below.
It is convenient to introduce two-dimensional cost array c=c[0..n,,0..n,] in which
clij] =d(x,[1..1], x,[1.4])
forevery 1 € 0..n;,j € 0..n, with initial values defined as follows:

e ¢[0,0] =0, the minimum cost of transforming the empty string into itself;

11



e (C[0,j]= > d(ex,[h]), the minimum cost of inserting the first j letters of x, into the
7

1<hsy

empty string;

e ([1,0]= > d(x,[h],e), the minimum cost of deleting the first i letters of x, into the

1<h<i

empty string.

Lemma
Forevery 1 € 0..n,,] € 0..n,

c[i,j] =min{ c[i-1,j] + d(x,[i].€), c[i,j-1] + d(e,x,[h]), c[i-1,j-1] + d(x,[i].x,[h]) }

The critical factor in the proof of this lemma is the inserts and deletes can be performed in any
order. This property of the inserts and deletes does not depend on the Symmetry Property of the

metric; that is, it held even if, for some strings x, and x,,

d(x;,x,) # d(x,,X))

Consequently, Lemma holds even if the Symmetry Property does not. This observation makes it
clear that cost need not be quite the same thing as distance: since we have defined cost in terms
of transferring x, into x,, it is possible to imagine that the cost of transferring x, into x, may not
be the same.

Finally, we remark that the cost array and the recurrence scheme for computing it given
by Lemma are very simple and natural ideas with widespread consequences: not
only does the recurrence form the basis of distance (hence LCS) calculations, it is also
fundamental to almost all approaches to the calculation of the shortest common superstring of a

collection of strings, and to the "best" alignment of a collection of strings.

12



Chapter 2
Fuzzy set theory. The Concept of a Linguistic Variable

2.1 Fuzzy set theory
Fuzzy logic

Fuzzy logic is a form of many-valued logic in which the truth values of the variables may be any
real number between 0 and 1. It is employed to handle the concept of partial truth, where the
truth value may range between completely true and completely false [5]. In Boolean logic, the

truth value can be only completely true or completely false: 1 or 0.
Fuzzy Sets

A fuzzy set is a set whose elements have grades of membership. It is characterized by a
membership function which assigns each element a grade of membership ranging between 0 and

1.13]

A fuzzy subset 4 of a universe of discourse U (a finite or infinite set) is characterized by a
membership function p, : U — [0, 1] which associates with each element 1 of U a number ,

1, («) in the interval [0,1], with p,(u) representing the grade of membership of u in A. The
support of A is the set of points in U at which p,(u) is positive. The height of A4 is the supremum

of p,(u) over U. A crossover point of 4 is a point in U whose grade of membership in 4 is 0.5.

[4]

Example: Let the universe of discourse be the interval (-oo, ), with u interpreted as temperature.

A fuzzy subset of U labeled high may be defined by a membership function such as
w,(u)=0 foru <20
w,(u) = (x—20)20 for20<u<40

w(u)=1 for u > 40

13



The support of high is [20,00), the height is 1, the crossover point is 30.

Operations on fuzzy sets [4]

When the support of a fuzzy set is a continuum rather than a countable or a finite set, we shall

write:

A= [ w, ()
U
with the understanding that pA4(u) is the grade of membership of u in 4, and the integral denotes

the union of the fuzzy singletons p,(u)/u, u€U.

There are many operations that can be done of fuzzy sets.We are going to discuss compliment

and fuzzification.
Compliment

The complement of 4 is denoted by —4 (or sometimes by 4°) and is
defined by

A = [ [1 = ()]
U

The operation of complementation corresponds to negation. Thus, if 4 is a label for a fuzzy set,

then not A would be interpreted as —A4.
Fuzzification

The operation of fuzzification has, in general, the effect of transforming a nonfuzzy set into a
fuzzy set or increasing the fuzziness of a fuzzy set. Thus, a fuzzifier F applied to a fuzzy subset 4

of Uyields a fuzzy subset F(4,;K) which is expressed by

F(A4:K) = | K (u)
U

14



Where the fuzzy K(u) is the kernel of F, that is, the result of applying F to a singleton 1/u:

Ku) = F(1/u;K);

i, (1)K (u) represents the product of a scalar p,(u)and the fuzzy set K(u); and Jis the union of
the family of fuzzy sets p ,(u)K(u), u€U.

The operation of fuzzification plays an important role in the definition of linguistic hedges such

as more or less, slightly, somewhat, much, etc.

2.2 Linguistic Variable

Linguistic variables are variables whose values are words or sentences in a natural or artificial

language.[4]

For example, Temperature is a linguistic variable if its values are linguistic, i.e., high, very high,

low, not low, extremely high, not very low, etc., rather than numeric, 40, 46, -10, 7, 78, 2, etc.

Linguistic variable is characterized by a quintuple (L, 7(L), U, G, M) in which L is the name of
the variable; T(L) is the term-set of L , that is, the collection of its linguistic values; U is a
universe of discourse; G is a syntactic rule which generates the terms in 7(L); and M is a
semantic rule which associates with each linguistic value X its meaning, M(X), where M(X)
denotes a fuzzy subset of U. The meaning of a linguistic value X is characterized by a
compatibility function, ¢ : U — [0, 1] which associates with each u in U its compatibility with

X. [4] So the compatibility of 28 degrees with high might be 0,4, while that of 34 might 0,7.

The function of the semantic rule is to relate the compatibilities of the so-called primary terms in
a composite linguistic value, e.g., low and high in not very low and very high, to the
compatibility of the composite value. To this end, the hedges such as very, quite, extremely, etc.,

as well as the connectives and and or are treated as nonlinear operators which modify the

15



meaning of their operands in a specified fashion.[4] Those hedges are sometimes also called

modifiers

16



Chapter 3
Fuzzyfied string dotted matching

3.1 Matching a string with a fuzzy pattern
Problem definition: We have a string of length n and a pattern of length m. The pattern is
comprised of linguistic variable values. We need to find if the sting is dotted matched to the

pattern with a degree of membership that is greater than a given threshold T.

The degree of membership of string to the pattern is the multiplication of the degrees of

membership of the matched elements from the string to the pattern.

We are given a sequences A=(a,,a,,...,a ) and pattern of values of linguistic variables

B=(b,,b,,...,b,,). The number of values of this linguistic variable is k.

This problem can be view as a special case of the longest common subsequence problem.

We take a matrix matrix[n][m]. Every element of the matrix holds a reference to an array. The
length of the arrays are distributed like this :

1 1 |1 1
1 2 12 2
1 2 |3 3
1 2 |3 4
1 2 13 m

17



We can’t unequivocally say if an element should be in the final matching subsequence of A or
not we need to keep history of different paths we can take. This history is kept in these arrays.

The elements of the array are a structure that hold weight (the degree of membership) and
direction (to help us construct an optimal solution). The direction points to the table entry
corresponding to the optimal subproblem solution chosen when computing the weight. So we
keep the path of each choice.

This is of how the arrays are filled:

1 if i=0 and h=0,or j=0 and h=0
m[i-1][j-1][h-1].w*weight(a[i],b[j]) if i=j=h and 1,j>0
max(m[i-1][j][h].w,m[i][j-1][h].w,m[i-1][j-1][h-1].w*weight(a[i],b[j])
if i<=},h<j and 1,j<0
m[i][j][h].weight= or 1>=j,h<i and 1,j<0
max(m[i-1][j][h].w,m[i-1][j-1][h-1].w*weight(a[i],b[j])
if i>j,h>=1 and 1,j<0
max(m[i][j-1][h].w,m[i-1][j-1][h-1].w*weight(a[i],b[j])
if i<j,h>=j and 1,j<0

If we take m[i-1][j][h], m[i][j][h].dir = “ 4, if we take m[i][j-1][h] m[i][j][h].dir = ‘4=’ else
Q0.

This way the array referenced in the element matrix[n][m] holds the max weights of substrings
of each length : matrix[n][m][i] holds the max value of a subarray of length i, and the end of its
path. As we need to have match with every element of the pattern, we will take the
matrix[n][m][m] element of the matrix,that holds the degree of membership of the best matching
substring of A to the pattern B, so if the T < matrix[n][m][m], we say that the string A dotted
matches the fuzzy pattern B, if T > matrix[n][m][m] we say that there is no match.

18



Example.

We have 2 sequences. The number sequence is 2,2,4,1.The pattern is small,large,small.

small large small
1 1 1 1
2 1 1 N 0,75 1 «— 0,75 1 N 0,75
2 1 1 X075 1 «— 0,75 1 «— 0,75
2 N 0,1875 2 N 0,5675
4 1 110,75 1N 0,75 1 <« 0,75
2 X 0,5675 2 10,5675
3 N 0,046875
1 1 1 N1 1 « 1 1 «1
2 1 05675 2 X 0,75
3 X 0,5675

In the first line and first column we have and 1 element array. In the matrix[1][1] we have

[T N 0,75] .The 1 shows that the length of the subsequence is 1. N is the direction and 0.75 is the
degree of membership of 2 to small. Matrix[3][2] has an array with elements

{[1 < 0,75],[2 N 0,5675]}.In[1 « 0,75],1 is the length of the subsequence, 0,75 is from
max(weight(4,large), matrix[3][1][1].weight, matrix[2][2][1].weight). The N shows that we took
the max(weight(4,large). In [2 N\ 0,5675]: 2 is the length of the subsequence, 0,5675 is from
max(weight(4,large)*matrix[2][1][1].weight, matrix[2][2][1].weight).

The N shows that we took the weight(4,large)*matrix[2][1][1].weight.

The matrix[4][3] hold the reference to the array {[1 «— 1],[2 N\ 0,75],[3 N\ 0,5675]} which
means that the maximum degree of membership of the 3 element subsequence is 0,5675, 2
element subsequence is 0,75 and of the 1 element subsequence is 1. You can see how we get the
elements of the subsequences following the highlighted arrows, the blue for 3, green for 2 and
red for 1 element subsequences. We follow the arrows and take the element that have the arrow
N\.When we have taken as many elements as the length of subsequence we are looking for.

19



3.2: Fuzzy matching of a string with a pattern

Problem definition: We are given the string A=(a, ,a,,...,a ) and the pattern B=(b,,b,,...,b_) that
have exact values. We need to mention that the elements of A and B must be from the the
universe of discourse of the same linguistic variable: a; € U for Vi =1l.nand b; € U for Vj
= 1..m. Every element of U has a corresponding threshold. We need to find if the string A is
dotted, fuzzy matched to the pattern B so that every element of A is matched to B with the
threshold greater than or equal to the corresponding threshold T(a).

Now let’s clarify how the fuzzy matching works:

We consider a; and b, a match, when a; and b, match the same value of the linguistic variable, and
the difference in the degrees of membership of a; and b; to this value is smaller than or equal to
the given corresponding threshold T(a,).

Example: We have a, =2, b, = I, T(a)) = 0,5. The linguistic variable is size.
usmall(ai): 0.75 usmall(bj): 1 |usmall(ai) - u’smalll(bj)’ = 0925 = 095 = ai and bj matCh'

This is also a special case of the longest common subsequence problem. The algorithm in this
case is the same as in case of the general LCS, the only difference being the matching.

If in case of the general LCS we say that we have a match between i, element of A and j,,
element of B when a; == b,, in this case we have fuzzy matching.

FLCS-LENGTH(A, B)

1 n=A.length
m=B.length
let b[1..n,1..m] and c[0..n,0..m] be new tables
fori=1ton

c[i,0]=0

c[0,j]=0

2

3

4

5

6 forj=0tom
7

8 fori=1ton
9

forj=1tom

10 if FUZZY_MATCH(a,, b, T(a))

20



11 clij] = c[i-1,j-1] + 1

12 b[i,j] =“/A"

13 elseif c[i-1,j] > c[i,j-1]
14 clij] = c[i-1,j]

15 blij]=“1"

16 else c[i,j] = c[i,j-1]

17 b[i,j] = “4=”

18 returncandb

U has n elements. The linguistic variable has k values.

The degrees of membership of each element of the universal set (U) to each value of the
linguistic variable will be stores in a matrix dm[k][n]. If the elements of U are not integers we
will also have an array of strings (elements of U) u[n], to know which value corresponds to

which column in dm[k][n].

FUZZY MATCH(,y, T)
I fori=1ton

2 ifu[i] ==x

3 nx =i

4 ifuli] =y

5 ny =1 \\ don’t need 1 to 5 if the elements of U are integers
6 fori=1tok

7 if (absolute(dm[i][nx] - dm[i][ny]) < T)

8 return true

9

return false

Constructing the LCS will be the same as in the general LCS algorithm.

21



Chapter 4

Fuzzified string distance

4.1 Distance between a string and a fuzzy pattern

For this case the String Distance algorithm will be the same as the general String Distance
algorithm, with one difference. We are given a threshold T and we need to set the distance
between the linguistic variable value and the exact string element to 0 when the degree of the
membership of the exact string element to the linguistic variable value is greater than or equal to
the threshold.
So the only difference in the algorithm will be in the properties of d in terms of subtitute
operations performed on single (nonemply) letters A and z:

e (insert: replace € by 1) d(e,4) > 0;

e (delete: replace 4 by €) d(4,e) >0;

e (substitute: replace A by 7) d(4,7) > 0 iff p (A)>T

Every other part of the algorithm is the same as in the general string distance algorithm.

4.2 String Distance with fuzzy matching
In this case, again, the String Distance algorithm will be the same as the general String Distance

algorithm, with one difference. We are given a threshold T(u) for every element of U (the
universy of discourse both the string and the pattern belong to) and we need to set the distance
between the exact string elements to 0 when between the 2 elements there is a fuzzy match. The
FUZZY MATCH(A, u, T(4)) is the same as in the previous chapter.
So the only difference in the algorithm will be in the properties of d in terms of edit operations
performed on single (nonemply) letters A and u:

e (insert: replace € by 1) d(e,A) > 0;

e (delete: replace A by ¢€) d(4,e) >0;

e (substitute: replace A by u) d(A,u) > 0 iff FUZZY MATCH(A, u, T(1))

Every other part of the algorithm is the same as in the general string distance algorithm.

22



Conclusion

In this thesis four algorithms on two topics were presented. All of this algorithms were specific
cases of approximate string matching problem.

The algorithms presented in this thesis can be viewed as modifications of the longest common
subsequence and string distance algorithms using fuzzy set theory and the concept of linguistic

variables. All of the algorithms were using the dynamic programming approach.
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